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Abstract Based on the first-order action for scalar-
tensor theories with the Immirzi parameter, the sym-
plectic form for the spacetimes admitting a weakly
isolated horizon as internal boundary is derived by
the covariant phase space approach. The first law
of thermodynamics for the weakly isolated horizons
with rotational symmetry is obtained. It turns out
that the Immirzi parameter appears in the expres-
sion of the angular momentum of isolated horizon,
and the scalar field contributes to the horizon en-
tropy.
PACS 04.70.-s · 04.50.Kd · 04.20.Fy
1 Introduction
Scalar-tensor theories (STT) are inspired by Mach’s
principle [1–3] and belong to a class of modified grav-
ity theories. In some cosmological models, the non-
minimally coupled scalar field in STT may cause the
acceleration of the universe and hence explain the is-
sue of dark energy [4–8]. The nonperturbative quan-
tization of STT [9–13] and their cosmological mod-
els [14–16] has also been carried out recently by ex-
tending the method of loop quantum gravity [17–20].
The thermodynamics of black hole (BH) is an im-
portant issue in physics. While the event horizon
of a BH is a global notion not suitable for local
physics [21], the notion of isolated horizon is quasi-
locally defined [22] and widely applied to calculate
observables in numerical simulation of near horizon
ae-mail: songsp@mail.bnu.edu.cn
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geometry [23,24]. Practically, an isolated horizon sat-
isfies the minimal requirements to derive the zeroth
law and the first law of BH thermodynamics in gen-
eral relativity (GR) [25–27].
The aim of this paper is to study the Hamiltonian
structure and thermodynamics of isolated horizon in
STT. To match the loop quantum STT, we start with
the first-order action of STT with the Immirzi pa-
rameter proposed in [28]. The connection dynamical
formalism derived from this action via Hamiltonian
analysis is completely consistent with that derived
from the geometrical dynamics by canonical trans-
formations [12]. It should be noted that the thermo-
dynamics of isolated horizons with a non-minimally
coupled scalar field was first studied in Ref. [29].
That theory could be regarded an a special case of
the general STT that we are considering. By our gen-
eral treatment, there exist new elements in both the
symplectic structure and first law of isolated hori-
zon in STT. Throughout the paper, we use the cap-
ital Latin letters I, J,K, · · · to denote the internal
Lorentzian indices, and the spacetime indices are de-
noted by a, b, c, · · · .
2 Symplectic form
We consider the weakly isolated horizon (WIH) in
STT. In comparison with the definition of WIH in
GR, its definition in STT contains also the extra re-
quirement on the non-minimally coupled scalar field
φ [29], such that the horizon is in equilibrium. A 3-
dimensional null hypersurface ∆ equipped with an
equivalence class [l] of null normals la of a spacetime
2with metric gab and scalar field φ in STT is said to
be a WIH if the following conditions hold.
(i) The topology of ∆ is S2 ×R;
(ii) The expansion θ(l) of l vanishes on ∆ for any
null normal l;
(iii) The scalar field satisfies Llφ =̂ 0, where Ll de-
notes the Lie derivative along l and “=̂” means
“equal on ∆”;
(iv) Equations of motion hold on ∆;
(v) The equivalence class [l] of the future-directed
l is chosen by l ∼ l′ if and only if l′a = C la for
a positive constant C, such that there is a con-
nection 1-form w on ∆ defined by ∇a
←−
lb =̂ wal
b
and satisfying Llwa =̂ 0 for all l ∈ [l], where
∇a
←−
denotes the pullback of the spacetime con-
nection ∇a compatible with gab to ∆.
Hereafter, the pullback of a covariant index to ∆
will be denoted by an arrow under that index. By
the definition, one can obtain the following useful
properties of WIHs in STT.
(a) The surface gravity κ(l) =̂ wal
a is a constant on
∆, which gives the zeroth law of its thermody-
namics;
(b) There is a natural area 2-form 2ǫ on ∆ satisfying
Ll
2ǫ =̂ 0 and 2ǫabl
b =̂ 0;
(c) One can define the potential ψ of the surface
gravity by Llψ =̂ κ(l).
(d) There is a unique induced covariant derivative
D inherited from ∇. The actions of D on a vec-
tor field Xa tangent to ∆ and on an 1-form Ya
intrinsic to ∆ are given by DaX
b=̂∇a
←−
X˜b and
DaYb=̂∇aY˜b
←−−−−−
respectively, where X˜b and Y˜b are
the arbitrary extensions of Xa and Ya to the 4-
dimensional spacetime.
Now we follow the covariant phase space approach
[30,31] to derive the symplectic structure of WIH in
STT. The first-order action of STT in [28] can be
written in terms of differential forms as
S[e, ω¯, φ] =
1
16πG
ˆ
M
φΣIJ ∧ Ω¯IJ −Σ
IJ ∧ ω¯IJ ∧ dφ
+ΣIJ ∧ dVIJ +
ω(φ)
φ
∗dφ ∧ dφ
+
1
γ
ΣIJ ∧
⋆
Ω¯IJ + ξ(φ)ǫ, (1)
where G is the gravitational constant, ΣIJab :=
1
2ε
IJ
KL
eKa ∧ e
L
b with e
I
a and εIJKL being the cotetrad and
Levi-Civita symbol respectively, (dVIJ )ab = ∂[a e
I
b]e
cJ∂cφ,
the curvature 2-form of the Lorentzian connection
ω¯IJa is defined by Ω¯
IJ
ab = daω¯
IJ
b +ω¯
I
a K∧ω¯
KJ
b ,
⋆
Ω¯IJ =
1
2εIJKLΩ¯
KL, (∗dφ)abc = (deφ)ǫ
e
abc with ǫ being the
spacetime volume element, the potential ξ(φ) and
the coupling parameter ω(φ) are general functions of
φ, and the Immirzi parameter γ is included. It has
been shown in Ref. [28] that action (1) gives the same
field equations with the general second-order action
of scalar-tensor theories. Our motivation to choose
action (1) is that the connection dynamics can be de-
rived from it, which is the foundation of loop quan-
tum scalar-tensor theories [12]. It should be noted
that the general scalar-tensor theories that we are
considering do not include those extended theories
containing the higher-order derivatives of φ in their
actions, such as Horndeski theory [32] and GLPV
theory [33].
Let us consider a spacetime regionM which ad-
mits a WIH (∆, [l]) as its internal boundary and is
bounded by two spatially partial Cauchy surfaces
M± intersecting∆ at two-spheresH± and extending
to spatial infinity i0. The asymptotic conditions on
i0 are that the metric is asymptotic flat and φ→ 1.
The boundary of spacetime regionM is ∂M = ∆ ∪
M+ ∪M− ∪ i0. To satisfy the variational principle,
one has to add a boundary term at i0 such that ac-
tion (1) becomes
S[e, ω¯, φ]=
1
16πG
ˆ
M
φΣIJ ∧ Ω¯IJ −Σ
IJ ∧ ω¯IJ ∧ dφ
+ΣIJ ∧ dVIJ +
ω(φ)
φ
∗dφ ∧ dφ
+
1
γ
ΣIJ ∧
⋆
Ω¯IJ + ξ(φ)ǫ
−
1
16πG
ˆ
i0
ΣIJ∧
(
φ ω¯IJ+
1
γ
⋆ω¯IJ+eIe
f
J∂fφ
)
(2)
The variation of action (2) reads
δS[Ψ ] =
ˆ
M
E[Ψ ] δΨ +
ˆ
∂M−i0
J [Ψ, δΨ ],
where Ψ denotes the fields e, ω¯ and φ, E[Ψ ] = 0 is
the equation of motion for Ψ , and the current 3-form
J reads
J [Ψ, δΨ ] =
1
16πG
[
ΣIJ∧ δ
(
φ ω¯IJ+
1
γ
⋆ω¯IJ+eIe
f
J∂fφ
)
(
ω(φ)
φ
∗dφ−
1
3
εIJKL(∇de
dI)eJ∧eK∧eL
)
δφ
]
. (3)
Note that the potential ξ(φ) does not contribute to
J . Comparing with the current 3-form in [29], the
boundary term (3) contains also the scalar field part.
We will see that the scalar part in the second term in
3the right hand side of Eq. (3) also contributes to the
boundary symplectic structure. Note that, different
from that in [29], the connection ω¯ is compatible with
the tetrad e in our covariant phase space Γ .
The (pre-)symplectic form can be obtained by the
second variation of the action [25]. First, the anti-
symmetrized second variation gives the symplectic
current J on a point p in the covariant phase space Γ .
J is a closed 3-form on M, since the fields Ψ satisfy
the equations of motion and the variations δΨ satisfy
the linearized equations off p. Second, the asymptotic
conditions guarantee that the integral of symplectic
current over i0 vanishes. Therefore the integral of J
over a partial Cauchy surface M and its intersection
with ∆ is conserved, which can be defined as a pre-
symplectic form. The symplectic current J in our
situation satisfies
8πGJ(p, δ1, δ2)
=δ[1Σ
IJ ∧ δ 2]
(
φ ω¯IJ +
1
γ
⋆ω¯IJ + eIe
f
J∂fφ
)
−δ[1
(
ω(φ)
φ
∗dφ−
1
3
εIJKL(∇de
dI)eJ∧eK∧eL
)
δ 2]φ.
(4)
For the spacetime regionM, the closed condition of
J leads to(ˆ
M+
−
ˆ
M−
+
ˆ
∆
)
J(p, δ1, δ2) = 0. (5)
Note thatM is topologically M ×R, where M is an
oriented spatial manifold with an internal 2-sphere
boundary H . It is convenient to fix an internal null
tetrad (lI , nI ,mI , m¯I) on ∆ such that each element
of the tetrad is annihilated by a fiducial flat connec-
tion ∂. The conditions of WIH ensure that one could
choose the tetrads eaI such that their contraction
with the internal null tetrad could give the space-
time null tetrad (la, na,ma, m¯a) adapted to ∆ and
M [25]. This means that la belongs to [l] fixed on
∆, the complex null vector ma is tangential to H ,
na is future directed and transverse to ∆, and they
satisfy nalbgab = −1, m
am¯bgab = 1 and all other
scalar products vanishing. To calculate the symplec-
tic current on ∆, it is useful to express J by the null
tetrads. The pull-back of the two-forms ΣIJ to ∆
can be expressed as [25]
Σ←−
IJ =̂ 2l[I nJ] 2ǫ+ 2n ∧ (iml[I m¯J] − im¯l[ImJ]),
(6)
where 2ǫ = im∧m¯ is the area 2-form on the 2-sphere
H . The pull-back of the connection ω¯IJa to ∆ can be
expressed by [34]
ω¯
←−
IJ =− 2l[I nJ]w + 2m[I m¯J]V + 2l[I m¯J]U
+ 2l[ImJ]U¯ , (7)
where the components of 1-forms ω, V and U can be
expressed by the Newman-Penrose spin coefficients
as
w = −κ(l)n+ (α+ β¯)m+ (α¯+ β)m¯, (8a)
V = −(ǫ− ǫ¯)n+ (α− β¯)m+ (β − α¯)m¯, (8b)
U = −π¯n+ ¯˜µm+ λ¯m¯. (8c)
Now we consider the terms containing the scalar field
in Eq. (4). Because the pull-back of the covariant
index annihilates the la direction and the scalar field
satisfies the condition (iii) of WIH, the pull-back of
the one-form ecIe
f
J∂fφ can be written as
e c
←−
Ie
f
J∂fφ =(−lInc + m¯Imc +mIm¯c)×
(−lJn
f + m¯Jm
f +mJm¯
f )∂fφ. (9)
Since the right hand side of Eq. (9) does not contain
nI or nJ components, its contraction with Eq. (6) is
zero. The pull-back of ∗dφ to ∆ reads
(∗dφ)abc
←−−
=(ddφ)ǫ
d
abc
←−−
=− εIJKLe
I
a
←−
∧ eJb
←−
∧ eKc
←−
edLddφ. (10)
Since the tetrads appeared in the right hand side of
Eq. (10) do not contain the nI components, their
contraction with εIJKL is zero. Taking account of
the identities εIJKLl
InJmKm¯L = i and ∇al
a = κ(l),
the pull-back of the three-form 13εIJKL(∇de
dI) ·eJ ∧
eK ∧ eL reads
1
3
εIJKL(∇de
dI)eJa
←−
∧ eKb
←−
∧ eLc
←−
= 2(∇dl
d)ǫIJKLn
I lJmKm¯Lna ∧ m¯b ∧mc
= 2κ(l)na ∧ imb ∧ m¯c
= 2κ(l)
3ǫ, (11)
where 3ǫ denotes the three-volume element on ∆. It
should be noted that the variations in Eq. (4) do not
change the WIH (∆, [l]). Therefore the restriction to
∆ and the variation of Ψ commutate with each other.
For instance, one has
δ(ΣIJab
←−
) = (δΣ)
IJ
ab
←−
.
4Thus, by Eqs.(6), (7), (8), (9), (10) and (11), the
symplectic current on ∆ reduces to
J
←−
(p, δ1, δ2) =̂
1
4πG
δ[1
2ǫ ∧ δ 2](φw +
i
γ
V )
+
1
4πG
δ[1 (κ(l)
3ǫ) δ 2]φ. (12)
Note that only the components along na in the ex-
pressions (8a) and (8b) of ωa and Va contribute in
the right hand side of Eq. (12). To describe the con-
tribution of Va, one can define a potential µ via
Llµ =̂ i(ǫ− ǫ¯). Using µ and the potential ψ defined in
the property (c) of WIH, Eq. (12) can be expressed
as
J
←−
(p, δ1, δ2) =̂
1
4πG
δ[1
2ǫ ∧ δ 2](φdψ +
1
γ
dµ)
−
1
4πG
δ[1
(
κ(l)(dv) ∧
2ǫ
)
δ 2]φ. (13)
where v is the parameter for the integral curve of la
such that na = −(dv)a. Taking account of the fact
that d(2ǫ) = 0 on ∆ and the condition (iii) of WIH,
the symplectic current (13) can be written as
J
←−
(p, δ1, δ2) =̂ dj(p, δ1, δ2), (14)
where the 2-form j on ∆ is given by
j(p, δ1, δ2) =
1
4πG
δ[1
2ǫδ 2](φψ +
1
γ
µ)
−
1
4πG
δ[1 (κ(l)v
2ǫ) δ 2]φ. (15)
Together with Eqs. (4), (14) and (15), Eq. (5) gives
the conserved symplectic form
Ω(δ1, δ2)
=
1
8πG
ˆ
M
δ[1Σ
IJ∧ δ 2](φω¯IJ+
1
γ
⋆ω¯IJ+eIe
f
J∂fφ)
+
1
8πG
ˆ
M
δ[1φδ 2]
(
ω(φ)
φ
∗dφ
−
1
3
εIJKL(∇de
dI)eJ ∧ eK ∧ eL
)
+
1
4πG
ˆ
H
δ[1
2ǫδ 2](φψ +
1
γ
µ)
+
1
4πG
ˆ
H
δ[1φδ 2](κ(l)v
2ǫ). (16)
Note that Ω(δ1, δ2) is actually a pre-symplectic form
on the covariant phase space, since it has degenerate
directions. However, it can be corresponded to the
symplectic form on the phase space. Eq. (16) shows
that, for the spacetimes admitting a WIH as inter-
nal boundary, the symplectic form contains the bulk
part and boundary part. The conjugate pairs for the
geometry part and the scalar field part can be eas-
ily read from Eq. (16) respectively. Let ψ = κ(l)v,
which can always be satisfied by adjusting the initial
values of ψ and v on H−. Then except for the term
containing γ, the other terms in the boundary sym-
plectic form in Eq. (16) can be combined into that
in [29]. However, our expression indicates that the
scalar field has its own degrees of freedom. Moreover
a term of Immirzi parameter is introduced.
3 The first law
To set up the thermodynamics of WIH, one needs to
define the quasilocal notions of energy, entropy, an-
gular momentum and so on for the horizon. It turns
out that these notions can be obtained naturally by
asking for the existence of a consistent Hamiltonian
evolution in the covariant phase space Γ associate to
M [30, 31]. Given a vector field ta satisfying proper
boundary condition onM, it can define a vector field
δt on Γ by δt := (Lte,Ltω¯,Ltφ), which satisfies the
linearized equations of motion. δt will be a Hamilto-
nian vector field, if it preserves the symplectic form,
i.e., LδtΩ = 0 on Γ . The necessary and sufficient
condition for this requirement is that there exists a
function Ht such that δHt = Ω(δ, δt) for all vector
field δ in Γ [25]. This condition is equivalent to that
the one-form Xt on Γ defined by
Xt(δ) := Ω(δ, δt) (17)
is closed, i.e., dXt = 0, where d denotes the exterior
derivative on Γ . If this condition is satisfied, up to an
additive constant, the Hamiltonian function is given
by
dHt = Xt. (18)
Suppose that the internal boundary of a spacetime
regionM is a WIH (∆, [l]) with a rotational symme-
try. It is convenient to introduce a fixed rotational
vector field ϕa on ∆ and admit only those space-
times in Γ which have this ϕa as the horizon sym-
metry. Thus the geometry restricted to ∆ and the
scalar field φ are both Lie dragged by ϕa. Moreover,
we ask ϕa to be tangent to H and have closed cir-
cular orbits of affine length 2π. Consider a vector
field ta onM, which approaches an asymptotic time
translation at infinity and reduces to a symmetry on
∆ such that
ta=̂B(l,t)l
a −Ω(t)ϕ
a (19)
5for some constants Ω(t) and B(l,t), where B(l,t)l
a is
unchanged under the rescalings of l ∈ [l], and Ω(t)
will be referred as the angular velocity of ∆ related
to ta. Note that, while the variations δt of the fields
(e, ω¯, φ) induced by ta are Lie derivatives along ta,
the actions of δt on the parameter v and the po-
tentials ψ and µ are not the same case. To preserve
the initial assignment of (ψ, µ, v), the variations in ∆
should satisfy δtψ = δtµ = δtv = 0 [27]. To analyze
whether δt is a Hamiltonian vector field on Γ , we
need to use (16) to calculate Xt(δ) = Ω(δ, δt). The
boundary part in (16) gives
Ω|H(δ, δt)
=
1
8πG
ˆ
H
δ 2ǫ(Ltφ)ψ − (Lt
2ǫ)δ(φψ +
1
γ
µ)
+
1
8πG
ˆ
H
δφLt(κ(l)
2ǫ)v − (Ltφ)δ(κ(l)v
2ǫ)
=0,
where we used the above requirement for the varia-
tions of (ψ, µ, v) on ∆ in the first step, and we re-
placed t by Eq. (19) and used the condition (iii), the
properties (a), (b), and the geometric symmetry of
the WIH in the last step. Therefore, the boundary
symplectic form in Eq. (16) does not contribute to
Xt(δ). To calculate the bulk integral, we need use the
Stokes’ theorem and the identity Ltu = t ·du+d(t ·u)
for a form u, where d is the exterior derivative on
spacetime. This identity takes the following specific
forms
Ltω¯ = t · F +D(t · ω¯),
Lte = t ·De+D(t · e)− (t · ω¯)e,
LtΣ = t ·DΣ +D(t ·Σ)− [(t · ω¯), Σ],
where D is the internal exterior derivative defined
by ω¯, and [·, ·] denotes the commutator of internal
indices. Then, using the equations of motion and
their linearized version, the bulk symplectic form in
Eq. (16) will contribute only two surface terms to
Xt(δ), i.e., the variation of the ADM energy δE
t
ADM
at spatial infinity and the variation of the horizon
energy δEt∆ at H . For the ADM energy of STT, we
refer to Ref. [35]. Since our aim is the first law of
WIH, let us focus on the term at the horizon,
Ω|H(δ, δt)
=
1
16πG
ˆ
H
(δΣIJ)(φt · ω¯IJ+
1
γ
t · ⋆ω¯IJ + t·eIe
f
J∂fφ)
−
1
16πG
ˆ
H
t ·ΣIJ ∧ δ(φω¯IJ +
1
γ
⋆ω¯IJ + eIe
f
J∂fφ)
+
1
16πG
ˆ
H
(δφ)
(ω(φ)
φ
t · ∗dφ− 2κ(t)(t · n)
2ǫ
)
=
1
8πG
ˆ
H
(
φκ(t) +
i
γ
(ǫ− ǫ¯)
)
δ 2ǫ+
1
8πG
ˆ
H
κ(t)
2ǫδφ
−
Ωt
8πG
ˆ
H
(φϕ·w +
i
γ
ϕ·V )δ 2ǫ
+
Ωt
8πG
ˆ
H
ϕ · 2ǫ ∧ δ(φw +
i
γ
V )
=
ˆ
H
κ(t)
8πG
δ(φ 2ǫ) +ΩtδJ
ϕ
∆ +
ˆ
H
i
8πGγ
(ǫ − ǫ¯)δ 2ǫ,
(20)
where in the second equality we used the fact that the
terms containing t · eIe
f
J∂fφ or l ·Σ
IJ vanish by the
contraction of internal indices and ∗dφ
←−−−
= 0, in the
third equality we used the fact that the restriction
of ϕcwa ∧ ǫbc to H vanishes and defined
J
ϕ
∆ = −
1
8πG
ˆ
H
(φϕ · w +
i
γ
ϕ · V ) 2ǫ. (21)
Note that Eq. (8b) implies ϕ · V = ϕa
(
(α− β¯)ma +
(β − α¯)m¯a
)
. Note also that we can require ma to be
Lie dragged by l, i.e., Llm
a = (ǫ − ǫ¯)ma=̂0. This
requirement can be realized by an appropriate spin
transformation to set the spin coefficient ǫ to real
numbers [25]. Thus we obtain
Xt(δ) =
κ(t)
8πG
ˆ
H
δ(φ 2ǫ) +ΩtδJ
ϕ
∆ − δE
t
ADM. (22)
The existence of a Hamiltonian Ht is equivalent to
dXt = 0, which can be satisfied if and only if
1
8πG
dκ(t) ∧ d
(ˆ
H
(φ 2ǫ)
)
+ dΩt ∧ dJ
ϕ
∆ = 0. (23)
The condition (23) implies that κ(t) and Ωt are only
the functions of
´
H
(φ 2ǫ) and Jϕ∆ respectively. As
argued in Refs. [27] and [29], there do exist the vec-
tor fields ta such that the condition (23) is satisfied.
Then, the Hamiltonian can be written as
Ht = E
t
∆ − E
t
ADM, (24)
where Et∆ is defined as the energy of WIH related to
ta and given by
δEt∆ =
κ(t)~c
3
2πkB
δS +ΩtδJϕ∆, (25)
6with the entropy
S =
kB
4G~c3
˛
φ 2ǫ. (26)
Here Jϕ∆ is defined as the angular momentum of WIH
related to ϕa. In contrast to those expressions in
Refs. [27] and [29], where the Immirzi parameter was
not included in the actions, our expression (21) shows
that the Immirzi term does enter the definition of
J
ϕ
∆. However, similar to the situation in GR [36], the
total angular momentum J∞ at infinity will not con-
tain the Immirzi term in STT. For the spacetime ad-
mitting a global rotational Killing vector field which
reduces to ϕa on ∆, Jϕ∆ can match J∞, since the
Immirzi term disappears at infinity because of the
asymptotically flat condition. Eq. (25) is our first law
of WIH in STT. If one further required [Ll,D]V = 0,
for all vector fields V tangential to ∆ and all l ∈ [l],
the WIH (∆, [l]) would become isolated horizon (IH).
Even the requirement for l in IH is stronger than
that in WIH, IH is still a non-trivial extension of the
Killing horizon [37]. For a given non-expanding hori-
zon ∆ [25], in principle infinitely many WIH can be
defined by it [25], but generically only one IH can
be defined [23]. Since the IH satisfies stronger condi-
tions than those of the WIH, our first law for WIH
is also valid for IH, but the la and hence ta of the
latter are more strict than those of the former.
4 Conclusion
To summarize, based on the first-order action (2) in
STT, we derived the symplectic form (16) for the
spacetimes admitting a WIH as internal boundary
via the covariant phase space approach. By asking
for the existence of a consistent Hamiltonian evolu-
tion in the covariant phase space, the first law of
thermodynamics for WIH with rotational symmetry
was obtained as Eq. (25). It turns out that, besides
the area of WIH, the scalar field of STT contributes
also to the entropy. Our expression (21) for the an-
gular momentum of WIH includes the Immirzi term
in addition to the expression in Ref. [29]. In con-
trast to the action employed in Ref. [29], our action
(2) for STT is more general and includes the Im-
mirzi parameter. Moreover, we use the Jordan frame
to express the symplectic form rather than the Ein-
stein frame. Thus, our expressions of symplectic form
and angular momentum are different form those in
Ref. [29]. The appearance of the Immirzi parameter
in the expression for angular momentum of WIH is
an interesting issue which deserves further studying.
It should be noted that, based on the Wald for-
mula [38] and the first-order action of GR, the first
law of the thermodynamics for the Killing horizon
was derived in Ref. [39] and then extended to gen-
eral gauge invariant gravitational theories [40]. Thus,
it would be interesting to compare our treatment for
WIH to those treatments for Killing horizon in the
first-order scalar-tensor theories. This issue is left for
future study. Note also that the no-hair theorem still
holds for the event horizon of a black hole in the gen-
eral scalar-tensor theories [41, 42]. Thus, there is no
scalar hair for the stationary black holes under cer-
tain conditions. However the WIH that we consid-
ered is quasi-locally defined, which does not require
any global structure of spacetime. Hence our conclu-
sion that the non-minimally coupled scalar φ would
contribute to the IH entropy and angular momentum
does not contradict the no-hair theorem.
Since the scalar field has its own degrees of free-
dom in the boundary symplectic form in Eq. (16)
and appears in the entropy formula (26) of STT, it
should also contribute to the microstate number if
one calculates the entropy at quantum gravity level.
The results in this paper lays a classical foundation
to study the statistic orgin of the black hole entropy,
since the loop quantization of STT has been per-
formed [12].
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